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0. Introduction 

This paper grew out of our efforts to understand the Toric Residue Mirror 
Conjecture formulated by Batyrev and Materov in 2 . This conjecture has 
its origin in Physics and is based on a work by Morrison and Plesser |14j . 
According to the philosophy of mirror symmetry, to every manifold in a 
certain class one can associate a dual manifold, the so-called mirror, so that 
the intersection numbers of the moduli spaces of holomorphic curves in one 
of these manifolds are related to integrals of certain special differential forms 
on the other. While at the moment this mirror manifold is only partially 
understood, there is an explicit construction due to Victor Batyrev [Q, in 
which the two manifolds are toric varieties whose defining data are related 
by a natural duality notion for polytopes. 

Let us recall the setting of the conjecture of Batyrev and Materov. Let 
t be a d-dimensional real vector space endowed with an integral structure: 
a lattice I\ C t of full rank. We denote by Tl the embedded dual lattice 
{v £ t*; (v,7) G Z for all 7 E t}. 

Consider two convex polytopes, II C t and net*, containing the origin 
in their respective interiors, and related by the duality 

n = {i)Gt*; (v, b) > -1 for all b G II}. 

To simplify the exposition in this introduction, we assume that both poly- 
topes are simplicial and have integral vertices. Then the correspondence 
between convex and toric geometry associates to this data a pair of d- 
dimensional polarized toric varieties: V(Tl) and V(n) . Under our present 
assumptions the polarizing line bundles, which we denote by L\\ and Ljj, 
are the anticanonical bundles of the respective varieties. In the paper, we 
work in a more general setting which is described in detail in ^ 

In the framework of the Batyrev-Materov conjecture, mirror symmetry 
has two "sides": A and B. The -B-side is characterized by a certain function 
associated to the variety V(II) as follows. Each point 7 of nnTt gives rise to 
a holomorphic section of Ln- In particular, denote by sq the section corre- 
sponding to the origin and by {s,; i = 1, . . . ,n} the sections corresponding 
to the set of vertices {fy; i = 1, . . . , n} of II. 

Then, for a generic value of the complex vector parameter z = (zi, . . . , z n ), 
the function F z = so — Ya=1 z i s i 1S a holomorphic section of Ln> and the 
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equation F z = defines a family of Calabi-Yau hypersurfaces in ViVV) as z 
varies. For each v G t*, let F VjZ = ^ f =i( ,, 'A) z ! s !i an d consider the ideal 
I(z) generated by the sections F z and {F v>z , v G t*} in the homogeneous 
coordinate ring of V(II). Then the toric residue introduced by Cox [7, defines 
a functional TorRes/( 2 ) on the space of sections of Lf[, which vanishes on 
the subspace H° (V (TT) , Lfi) n I(z). Every homogeneous polynomial P of 
degree d in n variables gives rise to a section S(P, z) = P(z\S\, . . . , z n s n ) G 
H°(V(TT), Lif]), and thus we obtain a function 

(0.1) (P)<b(z)=TotBais i{z) S(P,z), 

which is known to depend rationally on z. 

Now we turn to the ^4-side of mirror symmetry, which is characterized by 
the solution to an enumerative problem on the variety V(n). Introduce the 
notation a = H 2 (V(VV),R), T a = H 2 (V(tT),Z) and also a* = H 2 (V(tl),R), 
r* = H 2 (V(TV), Z). Recall from the theory of toric varieties that to each 
vertex /3j of II, and thus to each facet of II , one can associate an integral 
element on of the second cohomology group V* a , which serves as the Poincare 
dual of a particular torus-invariant divisor in V(n). The class k = Y17=i a i 
is the Chern class of the anticanonical bundle of the variety; it plays an 
important role in the subject. 

Let a e fr C a be the cone of effective curves. For each A G r a n a e ff , 
Morrison and Plesser introduced a simplicial toric variety MP^, which is a 
compactification of the space of holomorphic maps 

{i-.F 1 ^V(TT); L m (<j>) = \}, 

where 4> is the fundamental class of P 1 in ./^(P , Z). Their construction also 
produces a top-degree cohomology class of MP a, whose construction is 
similar to that of the class P(a%, a 2 , • • • , a n ) above. Then we can form the 
generating series 




The toric residue mirror conjecture of Batyrev-Materov states that this 
generating series is an expansion of the rational function {P)<b(z) in a certain 
domain of values of the parameter z. The precise statement of the conjecture 
in our general framework is given in Theorem 14.11 after the preparations of 

The main goal of the present paper is the proof of this theorem, however, 
we feel that along the way we found a few results which are interesting 
on their own right. Below we sketch these results, and, at the same time, 
describe the structure of the paper and the highlights of the proof. 

After describing our setup and recalling the necessary facts from the the- 
ory of toric varieties in we turn to the intersection theory of toric varieties 
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in 321 We approach the problem from the point of view of intersection num- 
bers on symplectic quotients initiated by Witten [201 and Jeffrey and Kirwan 

Let us consider an arbitrary simplicial toric variety V of dimension d. 
We maintain the notation we introduced for V(fl): a^, i = 1, . . . , n, for the 
Poincare duals of torus-invariant divisors, and o, r o , a*, T* for the appropri- 
ate second homology /cohomology groups. We denote by r the dimension of 
a. A polynomial P of degree d in n variables defines a top cohomology class 
of V and one can pose the problem of computing J v P(a±, . . . , a n ). Witten 
|20| and Jeffrey-Kirwan JH] gave rather complicated analytic formulas for 
this quantity, involving some version of a multidimensional inverse Laplace 
transform. In jjjj an algebraic residue technique was given to compute these 
numbers; this algebraic operation was named the Jeffrey-Kirwan residue. 
Our first theorem, Theorem 12.61 is a new iterated residue formula for the 
Jeffrey-Kirwan residue, which maybe given the following homological form. 

Let U = {u £ a (g) C; Y\7=i a i( u ) 7^ 0} De the complement of the complex 
hyperplane arrangement formed by the zero-sets of the complexifications of 
the as in a (g> C, and denote by c the ample cone of V in a* . For generic 
£ G c and a vector of auxiliary constants e = (ei, . . . , e r ), we construct a 
cycle e) C f7(2t), which is a disjoint union U^ e:P/C (^Tp(e) of oriented 
r-dimensional real tori in U indexed by a subset of flags of our hyperplane 
arrangement depending on £. Fix an appropriately normalized holomorphic 
volume form dfi^ on a ® C. The integration / frp F r e \ f dfi^ along one of 
these tori is called an iterated residue; it is a simple algebraic functional on 
holomorphic functions on C/(2t). Our integral formula (Theorem 12. 6|) then 
takes the form 

f f P(ai, ...,a n ) dfxf, 

/ P{ai, . . . ,a n ) = / . 

Jv Jz(i~,e) ax... On 

Here, on the left hand side, we think of the as as cohomology classes, while 
on the right hand side we consider them to be linear functionals on a (g> C. 

Next, in 33 we study the moduli spaces MP^, A E T a n a e g, which are 
toric varieties themselves. Using the results of 3H we derive an integral for- 
mula ()3.12|) for the generating function (P)<%(z) of the form g ^ P(u)A(u), 

where A(it) is a meromorphic top form in C7(2l). Here the constants e need 
to be chosen appropriately, in order to make sure Z(£, e) avoids the poles of 
A. 

We turn to the .B-side in 3U We use a localized formula El H] for 
the toric residue, which has the form of a sum of the values of a certain 
rational function over a finite set 0<g(z) C V(n). We make a key observation 
(Proposition 14.21 and Lemma l4.3|) that this finite set is naturally embedded 
into U as the set of solutions of the system of equations: 

{•an \ 
n^) <ai ' A> =n^ ,A> ' Aer « ■ 
i=X i=l J 
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This infinite system of equations in the variable u G U easily reduces to r 
independent equations. This presentation of Or&{z) allows us to write down 
an integral formula for (P)rg(z) in Proposition 14.71 which has the form of 
J z , P(u)A(u), where Z' is a another cycle in U avoiding the poles of A. This 
way, we essentially reduce the Batyrev-Materov conjecture to a topological 
problem of comparing cycles. 

The cycle Z' is closely related to a real algebraic subvariety Z(£)of U 
given by the set of equations 

%) = ju G 17(81); f[ \ai(u)\^ = e~^ X) for all A G T a j . 

In <JH]we prove the central result of the paper, Theorem 15. 11 in which we com- 
pute the homology class of the cycle Z{£) in U for any generic £. The proof 
uses certain type of degenerations reminiscent of the methods of tropical 
geometry in real algebraic geometry (cf . El ) . 

In £JH1 w e specialize this result to the case when the generic vector £ is 
near k = Y27=i a ii ana - combining it with Theorem 12. fi) we arrive at the 
statement that for such £ the cycle Z(£) is contained in a small neighborhood 
of the origin in a <g> C, and it is a small deformation of the cycle Z(£,e) 
which represents the Jeffrey-Kirwan residue (Theorem 16.2)1 . Armed with 
this result, the proof of the conjecture is quickly completed. 

We would like to end this introduction with a remark on the conditions of 
our main result. Although here for simplicity we assumed that the polytope 
II is simplicial and reflexive, neither of these conditions are necessary. In the 
paper, we prove our result for an arbitrary polytope with integral vertices, 
which contains the origin in its interior. 

Finally, we note that after this work was substantially completed, we were 
informed by Lev A. Borisov that he had also obtained a proof of the Toric 
Residue Mirror Conjecture by a completely different method. 
Acknowledgments. We would like to thank the Mathematisches Forschungs- 
institute Oberwolfach for wonderful working conditions. We are thankful to 
Alicia Dickenstein for discussions on toric residues, and to Victor Batyrev 
and Eugene Materov for explaining their conjecture to us. The first author 
would like to express his gratitude for the hospitality of Ecole Polytechnique 
and acknowledge the support of OTKA. 

1. Preliminaries: Toric varieties 

In this section, we describe standard facts from projective toric geometry. 
The proofs will be mostly omitted (cf. [HI El EB EH ) • 

1.1. Polytopes and toric varieties. For a real vector space D endowed 
with a lattice of full rank r D , denote by t>c the complexification t> ®r C of 
d, by T B the compact torus D/T e and by Tc e the complexified torus Dc/T D ; 
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finally, for 76^, where 

r D = {7 G 0*; ( 7 ,u) G Z for all v G r D }, 

denote by e 7 the character v 1— > e 27n 70) Q f y . "We will keep the notation 
e 7 for the holomorphic extension of this character to the complexified torus 

fcAV 

Given a polytope II C 0* with integral vertices, one can construct a polar- 
ized toric variety with action of the complex torus Tc as follows. Consider 
the graded algebra 

(1.1) ©Ce 7 5 fe ,fc = i,...; 7 G fflnr; 

where the multiplication among the basis elements comes from addition in 
D*, and g is an auxiliary variable marking the grading. This algebra is the 
homogeneous ring of a polarized projective toric variety V(II) endowed with 
a line bundle Ln and an action of the torus Tc D , which lift to an action on 
Lji- Each lattice point 7 G IlnT* gives rise to a section s 7 of the line bundle 
Ln, and the set {s 7 , 7 G II n T*} forms a basis of H°(V(U), L n ). Note that 
the toric variety V(H + t) corresponding to the polytope II translated by 
an element t G T£ is isomorphic to the variety T^(II), and the line bundle 
Ln is equivariantly isomorphic to Ln © Q , where Q is the one-dimensional 
representation of Tc corresponding to the character ej. Thus, starting from 
an integral polytope in an affine space endowed with a lattice, one can 
construct a well-defined polarized toric variety. 

1.2. The quotient construction. Now we give a more concrete descrip- 
tion of toric varieties. Let g = ®f =1 Ruji be an n-dimensional real vector 
space with a fixed ordered basis, and let 

(1.2) O^a^gAt^O 

be an exact sequence of finite dimensional real vector spaces of dimensions 
r, n and d, respectively. We assume that the lattice T = ©" =1 Zwi intersects 
a in a lattice T a of full rank, and we denote the image 7r(r g ) in t by I\. This 
means that the sequence restricted to the lattices is also exact. In this case 
the dual sequence 

(1.3) -> t* -> q* A 0* -> 

restricted to the dual lattices 1^, T* and T*, respectively, is also exact. 

Denoting the elements of the dual basis by w*, i = 1, ...,n, we have 
0* = ©™ =1 Mo; 1 ; in particular, T* = ©™ =1 ZaA Now introduce the notation 
oti for the image vector in T*, i = 1, . . . , n, and consider the sequence 

21 := [ai, CC2, ■ ■ ■ , a n ]. We emphasize that some of the as may coincide. The 
order of the elements of this sequence will be immaterial, however. 

Definition 1.1. We call a sequence 21 in a* projective if it lies in an open 
half space of the vector space 0* . 
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The relevance of this condition will be explained below. Note that ac- 
cording to our assumptions, the elements of 21 generate T* over Z, and this 
will always be tacitly assumed in this paper. 

Definition 1.2. Let 21 be a not necessarily projective sequence in T*. De- 
note by BInd(2l) the set of basis index sets, that is the set of those index 
subsets a C {1, . . . , n} for which the set {c^; i G a} is a basis of a*. We will 
also use the notation 

7 CT = (7iV..,7, CT ) 

for the basis associated to a G BInd(2l); here a certain ordering of the basis 
elements, say the one induced by the natural ordering of a, has been fixed. 

Definition 1.3. For any set or sequence S of vectors in a real vector space, 
denote by Cone(5) the closed cone spanned by the elements of S. Let us 
consider the case of a projective sequence 21 in o*. We denote by Cone s ; ng (2l) 
the union of the boundaries of the simplicial cones Cone(7 <J ), a G BInd(2l). 
Elements of Cone s i ng (2l) will be called singular, the others, regular. A con- 
nected component of Cone(2l) \ Cone s i ng (2l) is called a chamber. Then for a 
chamber c, we can define BInd(2l, c) to be the set of those a G BInd(2l) for 
which Cone(7°") D c. □ 

Now we assume that 21 is projective. Then we can proceed to construct 
the toric variety V-&{€) as a quotient of the open set 



U c = {J < (zi,...,z n ) 

treBInd(2l,c) I 



c 



by the action of the complexified torus Tc n , where we let Tc a act on C n 
diagonally with weights {a.\, . . . , a n ). If 21 is projective then the quotient 

(1-4) Va(c) = U c /T Ca 

is a compact orbifold of dimension d. 

To compare this construction to the one in ^l.ll let 9 be an integral point 
in c, and assume that the partition polytope 



i=l 

which lies in an affine subspace of q* parallel to t*, has integral vertices. 
The toric variety Vsa(c) is isomorphic to the variety V(TLg) described before 
by its homogeneous ring. The polarizing line bundle may be defined as 
Lq = U c ><T Ca Cg, where Cg is the one-dimensional representation of Tc a 
corresponding to the character eg. If 
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^70/ GlL;nr;, with 7i GZ^°, i = l,...,n, 



i=l 



then the holomorphic function s 7 : U t — > C given by s 7 (z) = JliLi z \ 
descends to a section s 7 of the line bundle Lg. 
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Note that under this quotient construction, for every n £ T*, even for 
those not necessarily in c, a line bundle L v may be defined by = U c xt C^. 
(In fact, is usually only an orbi-bundle). The chamber c is called the 
ample cone of the variety Vgi(c) as the line bundles corresponding to lattice 
points in c are ample. 

1.3. Gale duality. Let 25 be the sequence of vectors = ir(uJi) £ I\, where 
7r is the map in the exact sequence (|1.2p . The sequence 25 is called the Gale 
dual sequence to the sequence 21. It immediately follows that taking the 
Gale dual of a sequence twice, one recovers the original sequence. 

The following Lemma describes the fundamental relation between Gale 
dual vector configurations. 

Lemma 1.1. A linear combination Y17=i m i a i vanishes if and only if there 
is a linear functional I £ t* such that = rrii. 

This relation allows one to translate statements in the 2l-language into 
those in the Gale dual 25-language and vice versa. 

Proposition 1.2. Let 21 be a projective sequence in a* and c be chamber. 
Then 

(1) The Gale dual configuration 55 does not lie in any closed half space 
of t, that is J2i=i = t. 

(2) If a £ BInd(2t), then the complement a = {1, . . . , n}\o~ is an element 
o/BInd(25). 

(3) Denote by 7 the basis oft corresponding to a £ BInd(25). The set 
of cones Cone(7' 7 ), a £ BInd(2l, c) forms a simplicial conic decom- 
position SCD(c) oft. 

(4) The simplicial conic decomposition associated to the partition poly- 
tope 11(0) coincides with SCD(c) for any 6 £ c. 

Remark 1.1. A simplicial conic decomposition is also called a complete sim- 
plicial fan. 

Now we prove a quantitative version of statement (2) of Proposition 11.21 
Endow the vector spaces g,t, with orientations compatible with the se- 
quence Q1.2J) . Observe that a vector space t> endowed with a lattice of full 
rank and an orientation has a natural translation-invariant volume form, 
that is an element of A dim0 D*, such that the signed volume of a unit par- 
allelepiped of the lattice is ±1. Accordingly, we have a volume form on 
each vector space 0,t, 0; denote the volume form on by dfi^. Next, for 
a £ BInd(2l), introduce the notation vol a *(cr) for the signed volume of the 
parallelepiped $^j eo .[0, l]7f . This means that we take the volume of the 
parallelepiped measured in the units of the volume of a basic parallelepiped 
of r*, and set the sign to +1 if the basis 7 CT is positively oriented, and to 
— 1 otherwise; volt(<x) is defined similarly. 

Now we can formulate our first duality statement. 
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Lemma 1.3. For a G BInd(2l) we have a G BInd(5S) ; and \ vol a *(a)\ = 
I vol t (o-)|. 

Proof. The exact sequence (|1.2() gives rise to an isomorphism 

I :A d t^ A n ® A r a* 

as follows. For yi, 1/2, ■ ■ ■ , yd € t with representatives Y~i, Y2, . . . , in g, and 
ui,U2, ■ ■ ■ ,u r G a, let 

A 2/2 A • • • A yd), ui A 112 A • • • A u r ) = Y x A Y 2 A • • • A Y d A «i A 112 A ■ ■ • A u r . 

Denote by A7 CT the form A 72 A • • • A 7^ . Define A7 CT similarly. Then it is 
easy to verify that /(A7 ") = ±(u>\ A 0^2 A • • • A w„) A7 ". This implies the 
statement of the lemma. □ 

Now we translate a few important properties of vector configurations into 
Gale dual language. 

Definition 1.4. Given a projective sequence 21 = [a«]™ =1 in ]?*, introduce 
the notation k = Y27=i a «- We call the sequence 21 spanning if for every k £ 
{1, . . . , n} the vector k may be written as a non- negative linear combination 
k = Yl7=l ti a i with tk = 0, and ti ^ 0, for i = 1, 2, . . . , k — 1, k + 1, . . . , n. 

Lemma 1.4. A sequence © is the set of vertices of a convex polytope con- 
taining the origin in its interior if and only if the Gale dual sequence 21 is 
projective and spanning. 

Proof. Indeed, for OS = {(3i,...(3 n } to be the set of vertices of a convex 
polytope is equivalent to the existence of linear functionals h^ G t* for 
k = 1, . . . ,n, such that (hk,(3k) = —1 and (/ifc,/3j) > —1 for i ^ k. Then 
according to Lemma ll. II we have 

n 

i=l 

and this is exactly the spanning property for 21. □ 

Remark 1.2. It is easy to see that if 21 is spanning, then the property de- 
scribed for k extends to any 9 which is in a chamber c containing k in its 
closure, i.e. for every such 6 and for each k G {1, . . . ,n} one can find a 
non-negative integral linear combination 8 = Y17=i ^i a i w ith t^ = 0. 

Now we formulate two consequences of the spanning property. Recall that 
according to statement (3) of Proposition 11.21 the set of one-dimensional 
faces of the fan SCd(c) is a subset of the set of rays i = 1, . . . ,n}. 

Also, note that there is a natural map Xc '■ T* — > H 2 (V<&(t), Q) which as- 
sociates to each lattice point 9 the first Chern class of the orbi-line-bundle 
L e . 

Proposition 1.5. Assume that 21 C 0* is a spanning, projective sequence, 
and let c be a chamber which contains k in its closure. Then 
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(1) the set of one- dimensional faces of the fan SCd(c) is the set of rays 
{R^°Pf, i = l,...,n}, 

(2) the characteristic map Xc ^ s an isomorphism over Q. 

The first statement follows from statement (4) of Proposition Indeed, 
according to the above remark, for any 9 G c, the partition polytope Tig has 
exactly n facets. The A;th facet, which corresponds to the linear combinations 
mentioned in the definition, is perpendicular to the Gale dual vector (3k- In 
the non-spanning case such a facet may disappear. 

Next we can describe Batyrev's mirror dual toric varieties, which have 
respective actions of the tori Tct and Tct* . 

Let 23 C Ti be the set of vertices of a convex polytope II 53 containing 
the origin in its interior. Then, on the one hand, we can use this polytope 
to construct a projective toric variety V(II®). On the other hand, consider 
star-like triangulations of II 95 , that is triangulations r of II 95 with vertices 
at 23 U {0} such that every simplex contains the origin. Clearly, such a 
triangulation r gives rise to a simplicial fan whose cones are the cones of the 
simplices of r based at the origin. 

Proposition 1.6. Let 23 be a sequence of vectors whose elements serve as 
the vertices of an integral polytope II 23 . Then the fan SCD(c) of a chamber 
c of the Gale dual configuration 21 induces a star-like triangulation o/II 23 if 
and only if c contains the vector k = Ya=i ai * n ^ s d° sure - 

To summarize: the polytope II 53 corresponds to a toric variety ^(n 23 ) on 
the one hand. On the other, it gives rise to a family of "mirror dual" toric 
varieties V<&(t) corresponding to those chambers c of the Gale dual sequence 
21 which contain k in their closure; the sequence 21 is spanning. 

Finally, we recall the following definitions from |2j. Let II 23 be the dual 
polytope of II 23 defined by 

n B = {Zet*; (i,b) > -l, be n 23 }. 

Lemma 1.7. The dual polytope fl 53 is a translate of the partition polytope 
T1 K associated to the Gale dual configuration 21. 

Proof. The point t = Ya=i w * * s such that fj,(t) = k. It is easy to see that 
y G 0* belongs to II K if and only if y — t G ft 23 C t* . □ 

Definition 1.5. The polytope II 23 is called reflexive if the dual polytope 
II 23 has integral vertices. 

Batyrev and Materov consider dual pairs of reflexive polytopes. This 
has the advantage of putting the toric variety and its mirror dual on the 
same footing. In this paper, we will consider a more general framework: 
we assume that 23 is the set of vertices of a polytope with the origin in its 
interior, but no condition on the dual polytope is imposed. 
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2. Intersection numbers of toric quotients and the 
Jeffrey-Kirwan residue 

In this section, 21 is any projective sequence in T^. Recall that we have 
chosen an orientation of a, and that this, together with the lattice T a induces 
a volume form dfi^ on a. 

Pick a chamber c C Cone(2l) and consider the orbifold toric variety Va(c)- 
Since Va(c) is a quotient U c /Tc a , by the Chern-Weil construction, every 
polynomial Q on o gives rise to a characteristic class x(Q) of V%{c). Thus we 
have a Chern-Weil map x '■ Sym(o*) — > H*(V<&(t), C) from the polynomials 
on a to the cohomology of Va(c). In particular, for rj G o* the Chern class 
of the orbi- line-bundle 7^ is xl 7 ?)- 

It is natural to look for formulas for the intersection numbers fv^U) ^(^)> 
where, of course, only the degree d component of Q contributes. To write 
down a formula, we recall the notion of the Jeffrey-Kirwan residue in a form 
written down by Brion and Vergne [H- Define £7(21) to be the complement 
in ac of the complex hyperplane arrangement determined by 21: 

17(SI) = {ue o c ; a{u) / for all a E 21}, 

where we extended the functionals ati from a to ac- 

Remark 2.1. 1. Note that a(u) and (a,u) stand for the same thing; we use 
one form or the other depending on whether we consider u a variable or a 
constant. 

2. The constructions of this section depend on the set of elements of 21, and 
do not depend on the multiplicities. We are not going to reflect this in the 
notation, however. 

Denote by C<a[a] the linear space of rational functions on ac whose de- 
nominators are products of powers of elements of 21. The space C^a] is 
Z-graded by degree; the functions in C<&[a] are regular on f7(2l). 

Of particular importance will be certain functions in C<a[a] of degree — r: 
for every a G BInd(2l) denote by f a the fraction l/IJieer Q «- We will call such 
fractions basic. Every function in Ca[a] of degree — r may be decomposed 
into a sum of basic fractions and degenerate fractions; degenerate fractions 
are those for which the linear forms in the denominator do not span a*. 
Now having fixed a chamber c, we define a functional JK C on C^[a] called 
the Jeffrey-Kirwan residue (or JK-residue) as follows. Let 



(2.1) JK C (/ CT ) 




if c C Cone(7 CT ) 
if c n Cone(Y) 



Also, set the value of the JK-residue of a degenerate fraction or that of a 
rational function of pure degree different from — r equal to zero. 

The definition of the functional JK C (-) is vastly over-determined, as there 
are many linear relations among the basic fractions a G BInd(2l). 
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Proposition 2.1 ([!]). The definition in IJ2.1J) is consistent and defines a 
functional JK C on Cs&[a\. 

One can give a homological interpretation to the JK-residue as follows. 

Lemma 2.2. For each chamber c there is an homology class h(c) G H r (U (21), I 
such that 

JK C (/) = 1 r / / df4 for every f G C a [o], 

(27TV-1J ./ft(c) 

where dfi^ is the translation invariant holomorphic volume form defined 
above. 

Proof. The integral on the right hand side is well-defined since the form 
/ d^ is closed. The statement follows from Poincare duality and the fact 
that H r (U($l), R) is spanned by holomorphic differential forms of the form 
f(j duf, a G Blnd(a) (cf. H3EI). ' □ 

The integration over V^(c) may be written in terms of the Jeffrey-Kirwan 
residue as follows. 

Proposition 2.3 ( A ]). Let 21 be a projective sequence in T* a , c be a chamber 
and Q be a polynomial on a. Then we have 

Q 



(2-2) / X (Q) = JK C 

Jv*(t) \[[i=l a i 

Combining this with Lemma 12.21 we obtain the formula 
(2-3) / X(Q)= (0 ' r [ 4^-. 

The main result of this section, Theorem 12.61 may be interpreted as a 
natural construction of a smooth cycle in C/(2l), which represents the class 
h(c). 

We start with a few important notations and definitions related to our 
hyperplane arrangement. 

Let ^"£(21) be the finite set of flags 

F = [F = {0} C Fi C F 2 C • • • C F r _i cF r = a*}, dimFj = j, 

such that 21 contains a basis of Fj for each j = 1, . . . , r. For each F G F£(2l), 
we choose, once and for all, an ordered basis *y F = (jx, ■ ■ ■ ,Jr) °f a * with 
the following properties: 

(1) if er;®Q, for j = l,...,r, 

(2) {lmV m =l is a basis of F 3 for 3 = 1, • • • ) r > 

(3) the basis 7 F is positively oriented, 

(4) dfyf A • • • = d/if. 
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To each flag F G .F£(2l), one can associate a linear functional Resp on 
Cst[o], called an iterated residue. We consider the elements of the basis ~y F 
as coordinates on a and we use the simplified notation Uj = j F (u) for u G ac- 
Then any rational function <f> G Cgi[a] on oc may be written as a rational 
function <p F of these coordinates: 

<j){u) = <f> F (ui, . . .,u r ). 

We define the iterated residue associated to the flag F G .F£(2l) as the 
functional Res^p : C<%{a} —>■ C given by the formula 

Res0 = Res d« r Res • • • Res du\ cf) F (ui,U2, ■ ■ ■ ,u r ), 

F u r =0 u, — 1=0 «i=0 

where each residue is taken assuming that the variables with higher indices 
have a fixed, nonzero value. 

It is easy to see that this linear form on Cgja] depends only on the flag F 
and the volume form d/j,^, and not on the particular choice of the ordered 
basis j F . In fact, this operation has a homological interpretation which is 
given below. 

Let TV be a positive real number. Denote by U (F, N) C ac the open 
subset of oc defined by 

U(F, N)={uea c ;0< iV| 7 f (u)\ < hf +1 (,u)\,j = 1, 2, . . . , r - 1}. 

The following Lemma is straightforward and its proof will be omitted. 

Lemma 2.4. There exist positive constants Nq and cq such that for N > No 
we have 

(1) U(F,N) C C/(2l) for all F G F£(f&), and 

(2) the sets U(F,N), F G ^"£(21) are disjoint. 

(3) // cx.i G Fj and G Fj + \ \ Fj for some F G .F£(2l) and j < r, then 
for every u G U(F,N) the inequality \atk(u) /eti(u)\ > cqN holds. 

From now on, when using the constant N, we will assume that N > Nq. 
Note that the set U(F, N) depends on the choice of the basis 7 F made above, 
but we will not reflect this dependence in the notation explicitly. When F 
is fixed, we use as before the simplified notation Uj = ~f F (u) for u G oc so 
we can write 

U{F, N) = {u G a c ; < N\ Uj \ < \u j+1 \, j = 1, 2, . . . , r - 1}. 

Observe that the set U(F, N) is diffeomorphic to x (S' 1 ) r , thus the rth 
homology of U(F, N) is 1-dimensional. Choose a sequence of real numbers 
e : < ei ^ £2 <C • • • <C e r , where e«i means Ne < 5. Define the torus 

(2.4) T F (e) = {ue o c ; = e j: j = 1, . . . ,r} C U(F,N) C 17(a), 

oriented by the form d arg u\ A • • • A d arg u r . It is easy to see that this cycle 
is a representative of a generator of the homology H r (U(F, 7V),Z). 

The homology class of this cycle in U (21) depends only on the flag F and 
not on the chosen positively oriented basis -y F of F. 
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Definition 2.1. Denote the homology class of the cycle Tp(e) in H r (U($i), Z) 
by h(F). This produces a map h : JF£(2l) -> iJ r (Z7(5t), Z). 

Lemma 2.5 For any (j) G C<a[a] we /iai>e 

/„ Lr / d Mr =Res^), 

where by integration over h(F) we mean integration over any cycle repre- 
senting it. 

Our goal is to write the functional JK C clS cl SI gned sum of iterated residues 
Resp. This will allow us to write JK c ((/>) as an integral of (pd^ over t ne 
union of corresponding cycles. The flags entering our formula will depend on 
the choice of an element £ G c. This element will have to satisfy additional 
conditions of regularity that we formulate below. 

Definition 2.2. Denote by £21 the set of elements of a* obtained by partial 
sums of elements of 21: 

£21= | ^af, t?C {l,...,n} 

For each subset p C £21 which forms a basis of a*, write £ in this basis: 
£ = X^ 7 ep u 7(£)7- Then introduce the quantity 

min S2t (£) = min{|u^(£)|; p C £21, p basis of a*, 7 G p}. 

An element £ G 0* will be called regular with respect to £21 if min S2l (£) > 0. 
For r > we say that £ is r-regular with respect to £21, if min S2t (£) > r. 

One could also say that a vector £ G a* is regular with respect to £21 if £ 
does not belong to any hyperplane generated by elements of £21. Sometimes, 
we will use the term sum-regular for such vectors. Clearly, sum-regular 
vectors form a dense open subset in 0*. 

Each flag F G JFC(2l) introduces a partition of the elements of the se- 
quence 21 = (cki, . . . , a n ) induced by the representation of the space a* as a 
disjoint union \Jj =1 Fj \ Fj—i. For j = 1, . . . , r, introduce the vectors 

(2.5) nf = ^{a^; i = 1, . . . ,n, a* G Fj}. 

Note that the vectors kJ are in £21, and that nf = k = Y^7=l ai ^de- 
pendency from F. 

Definition 2.3. 1. A flag F in .F£(2l) will be called proper if the elements 
kJ , j = 1, . . . , r are linearly independent. 

2. For each F G JF£(2l), define a number v(F) G {0, ±1} as follows: 

• set v{F) = if F is not a proper flag; 

• if F is a proper flag, then v(F) is equal to 1 or —1 depending on 
whether the ordered basis (nf , nf, ■ ■ ■ , nf) of a* is positively or neg- 
atively oriented. 
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3. For a proper flag F G ^"£(21), introduce the closed simplicial cone 
s + (-F, 21) generated by the non- negative linear combinations of the elements 

s+(F,2l) = ]Tl^% F . 

3=1 

Then for £ G a* , denote by (21, £ ) the set of flags F such that £ belongs 
to the cone 5+ (F, 21). □ 

Observe that if £ is sum-regular, then every flag F G J-£ + (%l, £) is proper, 
and thus for such F we have v(F) = ±1. 

Now we are ready to formulate the main result of this section. 

Theorem 2.6. Let c &e any chamber of the projective sequence 21, and Zei £ 
6e a vector in c which is regular with respect to £21. T/ien /or every G C^fa] 



(2.6) JK c (0) = ^ i/(F)Res0. 

F£FX+(2(,£) 

Proof. Let a G BInd(2l), and consider the basic fraction 

1 



fa 



n^7f 

First, observe that it is sufficient to prove the theorem for these basic 
fractions: 4> = f a for a G BInd(2l). Indeed, both the Jeffrey-Kirwan residue 
and the iterated residues are degree — r operations on Ca[a]. This allows us 
to restrict <p to be of degree — r. Now it is easy to check that the iterated 
residues vanish on degenerate fractions, i.e. on fractions whose denomina- 
tors do not contain linear forms spanning a*. The JK-residue vanishes on 
degenerate fractions by definition. 

Thus we can assume eft = f a . By the definition of the chambers, the 
condition c C Cone(7°") is equivalent to the condition £ G Cone(7°"). Then 
according to the definition of the JK-residue given in (|2.1|) , we have 



JK C (/ CT ) 



' if c C Cone(7 CT ) 



vol a .(7*)|- 
0, otherwise. 

Now we compute the right hand side of Q2.6|) for eft = f a . It is not 
hard to see that ResF (io-) is equal to unless the flag F is such that its 
j-dimensional component Fj is spanned by elements of 7 CT . In other words, 
we have Res p fa 7^ for some F G J-C (21) if and only if F is of the form 



F» = (F?(a), F?(*)) with FJ(o) = Z{ =1 ^ Mj) , 

where 7r is an element of £ r , the group of permutations of r indices. We will 
simply write F{o~) in the case when ir is the identity permutation. 
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One can easily compute the appropriate iterated residue: 

(-1)* 

^a)^ ~ V0l a .(7 CT )' 

where we denoted by (— l) 7r the value of the alternating character of S r on 

7T. 

Given an closed cone C, denote by x[C] its characteristic function. Using 
the above remarks, we can rewrite (|2.6[) as follows: 

(2.7) £ (-l)MF>)k[ S +(F>),2l)](0 = x[Cone( 7 CT )](0 

for any vector £ regular with respect to £21. 

As we will explain below in detail, this equality simply reflects the subdi- 
vision into cones of Cone(7 CT ) based on the rays R-°kJ ^ , for it G S r , and 
j = 1, . . . , r. Denote by I (a, £) the expression on the left hand side of (|2.7j) . 
We prove that I (a, £) = x[Cone(7 <7 )](£) by induction on the dimension of a. 

Consider the (r — l)-dimensional space i ? r _i(a), the sequence 21' = 21 n 
-F r _i(<r), and the index set a' obtained from a by omitting its largest element. 
For 7r G S r -ij again we denote by F w (a') the flag associated to the permuted 
basis. To compute I(<r, £), we first study I r (cx, £), the sum over the set X r _i 
of permutations of the first (r — 1) indices: 

M*,0= E (-i)M^>)M* + (^>),20](O- 

7TGSr — l 

Recall that for any F E .F£(2l) we have 
two cases: 

(1) The element k G F r —i. 

(2) a* = F r _i8lK. 

We define z^ r G {—1, 0, 1} as follows. In the first case v r = 0. In the second 
case, we write v r = ±1 depending on the orientation of (7^, 7<f , . . . , 7^ 1; k). 
Then in case (1), the sum I r (cr, £) is equal to 0, while in case (2), the cone 
s+(F 7r (cr),2l) is equal to s + (F w (a), 21') + R + k. Writing £ = g + tn, we have 

£ (-irK^(^))x[s + (^(a),2t)](o = 

7r£E r _i 

f^E. eSr _ 1 (-i)^(^K))x[5 + (^K),2i / )](C / ), if* > 0, 

[0, ifs<0. 

As £ is sum-regular, we cannot have s = 0. Thus if s > 0, then the point 
£' is sum-regular with respect to 21', and by the induction hypothesis we 
conclude that I r (a, £) = t , r x[Cone(cr / )](£ / ); if s < 0, then we have I r (a,£) = 
0. 

Consider the closed cone Cone(7 CT U {«})• The preceding relation reads 

as 

JrfoO = ^x[Cone( 7 CT 'u {«})](£). 
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It remains to sum over all circular permutations. Taking care of the signs 
of the circular permutation and of orientations, we obtain this formula for 
the full sum: 

r 

i{a,0 = Y J {-^) l nx[C l U) 

i=l 

where C\ is the cone generated by 7 CT \{7f } and k, and V{ = ±1 depending on 
the orientation of this basis: (7f , 72 , • • • , 7£L 1; 7i+u • • • , 1° > K )- The fact that 
this sum equals x[Cone(7 CT )](£) is a straightforward exercise. This completes 
the proof of our theorem. □ 

Remark 2.2. Using the results of |16| 0], one can obtain a formula for the 
Jeffrey-Kirwan residue via iterated residues, using the concept of diagonal 
bases introduced in JH]- Our present formula is quite different; it is more 
symmetric and seems to be computationally more efficient as well. 

Theorem 12.61 has the following 
Corollary 2.7. 1. The equality 

h(c) = Y, <F)KF) 

holds in H r (U(&),Z). 

2. The class h(c) E H r (U($V), R) is integral; it may be represented by a 
disjoint union of embedded oriented tori. 

The first statement is a homological rewriting of Theorem 12.61 while the 
second follows from the fact that h(F) is represented by the torus Tp(e). 

Thus we can reformulate Theorem 12. 61 in a third, integral form as follows. 
Define the cycle 

(2-8) Z{i) = U F ^ c+m) v(F)T F {e), 

where e is a vector of appropriate positive constants. Then Z(£) is an 
embedded oriented submanifold of C/ (21) depending on a set of auxiliary 
constants, and we have 

(2.9) JK t (0) = / (j) d$ 

Jz(0 

3. The Morrison-Plesser moduli spaces 

In this section we assume that 21 is projective and spanning, and the 
chamber c contains k in its closure. 

Then, according to Proposition ll.51 we have a natural isomorphism H2(y%(t), Q) — 
T a ®i Q. Introduce the cone of effective curves 

c 1 = {A £ a; (£, A) > 0, for all f G c}. 

Following Morrison and Plesser, we associate to each integral point A G 
c 1 - n T a of the cone of effective curves a toric variety MPa together with 
a cohomology class <3?a € H*(MP\,Z), called the Morrison-Plesser moduli 
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space and its fundamental class. This is a variant of the space of holomorphic 
maps of P 1 into a fixed Calabi-Yau subvariety of T%(c) with a fixed image A 
of the fundamental class of P 1 (cf . [2] ) . 

Assume first that A G r o is such that (oti,\) > 0, i = l,...,n. Then 
the Morrison-Plesser toric variety MP a is the toric variety represented by 
the data 2l\ consisting of repetitions of the linear forms oti in a*: each «j 
is repeated («j, A) + 1 times. Thus the total number of elements of 21 A is 
(k, A) + n, and the dimension of the resulting toric variety is (At, A) + d. 
The polarizing chamber is the same one, c, as that of the original toric 
variety. Thus we have MP^ = V^a(c). The fundamental class is given by 
= x( K )i where we used the notation of the previous section. We are 
interested in intersection numbers of the variety MP a of the following form. 

Fix a polynomial P of degree d in n variables, and think of it as a func- 
tion on q. Denote the restriction of P to a by P|a; effectively, this means 
substituting on for the ith argument of P. Then having fixed a sequence 21 
and a chamber c in o*, define 

(3-1) (PW = f *AX(i»- 



MP 



Using (|2.3j) . we can write 

If P(ai,...,a n )K< K > A > d^l 

where h(c) is the homology class representing the JK-residue. 

Pick a cycle Z[c] representing the homology class h(c), which satisfies the 
condition 

(3.3) Z[c] C 17(a) n{«£ a c ; \k(u)\ < 1}. 

The cycle Z{£) introduced in l|2.8|) will be suitable if the auxiliary constants 
ei, . . . , e r are chosen sufficiently small. 

Now note that the rational function under the integral sign in (|3.2|) has 
exactly the correct degree: — r. This implies that we can replace k^ k ' X ^ in 
the formula by (1 — k) -1 as follows: 

(3 - 4) (p)A ^ c = 72w^r L d-«)n n ^- A>+1 ' 



i=i 



Indeed to compute the right hand side of (|3.4j) on such cycle Z[c], we can 
replace 1/(1 — k) by its absolutely convergent expansion X]£o Then only 
the power k^ k ' X ^ gives a nonzero contribution to the integral. 

Further, observe that the right hand side of ()3.4|) is meaningful for any 
A G r o . Thus we can use it as a definition of the left hand side even for the 
cases when the condition (a, A) > does not hold for all a £ 21. 
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Definition 3.1. For any A £ r o , define the rational function p\ S Ca[a] of 
homogeneous degree (k, A) by 



n 



a: 



=1 



One can write this function as quotient of two polynomials: p\ = pt/p\ , 
where 

pt= n ^ ,A> > pr= n ^ 

<a 4 ,A>>0 (a;,A}<0 



The functions p\ satisfy the relation p\ 1 p\ 2 = PAi+a 2 f° r an y ^ii ^2 £ T . 
Definition 3.2. For any A G r a and degree d polynomial P, we define 

1 /" P(ai, . . . ,a n ) dfir 



(3 - 5) <p> ^ = rar/ z 



(1 - «)pa nr=i ' 

where Z[c] is any cycle satisfying (|3.3j) . 

In the case when the condition (a, A) > does not hold for all a £ 
21, the numbers (P}a,o,c may be interpreted as intersection numbers on a 
modified version of the pair (MPa, <J?a)- Our convention for (P)a,o,c induces 
a definition of the fundamental class <I>a in this general case, which coincides 
with the one given by Morrison and Plesser. For details cf. [2| I14j. 

The next observation is central for our computations. 

Proposition 3.1. For A £ r o \ r 1 , one has (P)a,21,c = 0- 

Proof. We can assume (k, A) > 0, since (P)a,o,c vanishes for («, A) < by 
degree considerations. Then ()3.4j) may be rewritten as 



(3.6) (P) AjSl)C = JK C 



P(ai,...,« n )p A K< K '^ 

pa nr=i «< 



Observe that the expression in (|3.6j) is a JK-residue of a rational function, 
denote it by (f>\, whose poles lie on the hyperplanes a.i = 0, with A) > 0. 
Indeed, if (aj,A) < 0, then on occurs in the denominator p~^ Yii=l ai with 
multiplicity 1, thus it is canceled by a factor in p^ in the numerator. 

Now comparing ()3.6|) to the definition of the Jeffrey-Kirwan residue in 
(|2.1j) . we see that JK c (^a) 7^ implies that c is contained in the cone gen- 
erated by those on which satisfy (aj,A) > 0. Consequently, A, as a linear 
functional on a* is positive on c, which is exactly the condition A € c . □ 

Next, following 2\, we write down a generating series of the numbers 
(P)a,21,c for A varying in the dual cone r 1 . To this end, introduce the notation 
z x for the Laurent monomial Y\a=i z^ 1 '^ for any element A G r o and z = 
X4L1 Zi^i £ 0- Note that the restriction of the function z x to is exactly 
the rational function p\ = p\/p~^. 
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Then the generating series of intersection numbers in which we are inter- 
ested has the form 

(3-7) (PhAz)= £ (P)x,^z\ 

AGr„nc x 

The chamber c, and thus c -1 -, might be quite complicated, but using Propo- 
sition |23 we can rewrite the generating function Q3.7J1 very simply. 
First an auxiliary statement: 

Lemma 3.2. Let C be a closed rational polyhedral cone in a half-space of a 
real vector space d of dimension r endowed with a lattice T of full rank, and 
let k be a nonzero vector in C . Then there exist vectors v±,V2, ■ ■ ■ ,v r in T 
with the properties 

• Vj G C, for j = 1, . . . ,r, 

Proof. Indeed, the cone C has a decomposition into simplicial cones gener- 
ated by Z-bases of T. □ 

Now we return to our setup. 

Definition 3.3. Given a chamber c, we will call a set of vectors {Ai, . . . , A r } C 
T a a c-positive basis if the following conditions are satisfied: 

• (ft, <\j) > for j = 1, . . . , r. 

Apply Lemma [3,2l to the pair k £c. Then taking the dual basis guarantees 
the existence of a c-positive basis. We fix such a basis and denote it by A. 

Now observe that according to Proposition 13.11 and the second property 
of a c-positive basis, we can replace the sum in the definition (|3.7[) by the 
sum over a simplicial cone: 



r 



Notation. Assume that a basis A has been fixed, and let z G gc such that 
Zi 7^ for i = 1, . . . , n. Then we introduce the simplified notation pj, p- for 
pXj, Pxj) respectively, and denote z x J by qj. 

Using the integral definition of (|3.5j) . we can write 



(3 . 8 ) {P}mAz)= ^^^r ni-T'^m ** 

(27rv/=T) ^JzwfJip 1 ? (1-K)lli=iai 



where the sum runs over /j £ Z-°, j = 1, . . . , r. 
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If the condition 

(3.9) \qj\ < max \pj(u)\, j = l,...,r 

uez[c] 

is satisfied, then the series is absolutely convergent. 

In fact, together with Proposition I3.1[ this integral representation allows 
us to determine the domain of convergence of (P)% iC (z) more precisely. For 
A € r o , define 

(3.10) e A = max \p\(u)\, 

uez[c] 

and consider the set 

(3.11) W(Z[c}) = {z£ (C*) n ; \z x \ < e x for every A E T a n c 1 }. 

Since both z x and e\ are multiplicative in A, the set W[c] is already defined 
by a set of inequalities of the form \z x \ < e\, where A runs through a finite 
subset of r o n c 1 which generates it as a semigroup. In particular, W(Z[c]) 
is open. 

Lemma 3.3. The series (P)« e (z) converges for all z £ W[c\. 

Proof. We can decompose c 1 - into simplicial cones generated by Z-bases of 
r a . The sum in each such cone will be a convergent geometric series thanks 
to the inequalities defining W[c\. □ 

Now return to the fact that if the conditions (|3.9|) hold, then the series 
(|3.8f) converges absolutely. As a consequence, we can exchange the order 
of summation and integration in (|3.8|) . Then we can sum the resulting 
geometric series under the integral sign and arrive at the following statement. 

Proposition 3.4. Let Z[c] be a cycle in £7(21) representing h(c) and sat- 
isfying V3. Fix a c-positive basis X\, A2, . . . , A r G r a , and assume that 
z £ (C*) n is such that the inequalities \qj\ < max ug ^r c i hold, where 

qj = z x i . Then we have 

(3.12) { P HA z) - J _ ^ _ 



(2vrV 3 T) r Jz[c] (1 - ") nr=i rij=i - ' 

4. AN INTEGRAL FORMULA FOR TORIC RESIDUES 

We start with the data considered so far: the exact sequences (|1.2|) and 
(J1.3|) . the resulting sequence 21, which we assume to be projective and span- 
ning, a chamber c C 0* containing k in its closure, a polynomial P in n 
variables, and a point z £ g. Using these, we defined a series (P)q c (z) in 
the previous section, and analyzed its domain of convergence. This series is 
the object that the Batyrev-Materov conjecture associates to the ^4-side of 
mirror symmetry. 

Now we look at the same data in the Gale dual picture. According to 
Lemma li~4"| the Gale dual sequence 25 C T t serves as the set of vertices of 
a convex polytope IT 23 containing the origin. The object on the .B-side of 
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the Batyrev-Materov conjecture is the rational function (P)rg(z) defined in 
(jO.lj) of the introduction which uses the toric residue of Cox (cf. 0[2]). As 
suggested in [2j, rather than applying the original definition, we will use a 
localized formula for toric residues IE] which we recall below in (|4.1jl . The 
applicability of this localization formula in our case was kindly explained to 
us by Alicia Dickenstein. 

Consider the function / = 1 — Yli=l z i e Pn parameterized by our chosen 
point z = Ya=1 z i u i ^ 0- Pick a ^-basis (hi, . . . , hd) of Tl and form the 
toric partial derivatives 

fk = -^Zi(h k ,f3i)ep t , k = l,...,d, 
i=i 

which assemble into the toric gradient V/ = (fi, . . . , fy). We can go on and 
define the toric Hessian of the function / as 



j,k=i 



H f = det 'Y^(hj,Pi)(h k ,Pi)z i ep i 

\i=l / 

Now denote by 0<q(z) the set of toric critical points of /, i.e. the set 

0^(z) = {V/ = 0}CT C1 , 

For generic z, this set is discrete, and the toric critical points are non- 
degenerate. We take the following version of toric residues localized at the 
toric critical points to be the definition of (P) 23(21): 

(4.1) (P )sB (z)=J2 f f P ^\ v w ^ ^ 

where the function P is obtained by substituting z%e^ for X{ in our degree 
d polynomial P(x\, . . . , x n ). 

In our setup, the conjecture of Batyrev and Materov generalizes to the 
following statement. 

Theorem 4.1. Let 21 be a projective, spanning sequence, and c be a chamber 
whose closure contains k. Choose a cycle Z[c] in £7(21) representing h(c) and 
satisfying US. and let z G W(Z[c]), where W(Z[c]) is defined in h3.11\) . 
Then the series (P)f& c (z) converges absolutely, moreover, we have 

(4-2) (P)%c(z) = (PMz). 

The proof of this theorem is given at the end of the paper in Its 
main ingredients are Propositions 13.41 and 14.71 and Theorem 16.21 which, in 
turn, follows from Theorems 12.61 and 15. II 

Remark 4.1. 1. In the course of the proof, we will construct an explicit 
cycle Z[c], thus the domain of convergence of (P)s^ c (z) will also be given 
explicitly. 

2. We think of the right hand side here as a rational function of z given 
by the toric residue. Note that, in particular, the right hand side does not 



22 



ANDRAS SZENES AND MICHELE VERGNE 



depend on the choice of the chamber c. This dependence is encoded in the 
domain of convergence. 

3. The conjecture in [2j is formulated for the case of toric varieties corre- 
sponding to reflexive polytopes. As explained at the end of this cor- 
responds to the special case of the partition polytope II K having integral 
vertices. 

The key observation that begins relating the two seemingly unrelated 
expressions in l4.2l is the following. Take a point z £ g with all its coordinates 
Zi ^ 0, and embed let* into 0c via the formula 

(4.3) w \-> (zie 01 (w),... ,z n ep n (w)). 

This means that we consider the natural action of Tct* on gc given by the 
set of weights 03, and look at the orbit Orbss(z) of the point z S 0c- Note 
that the coordinates of a point in Orbss(z) are also all nonzero. 

Proposition 4.2. Under the embedding (|4.3|) . the set of critical points 
0<b( z ) corresponds to the intersection of the orbit Orb<%(z) with the linear 
subspace Oc in gc- 

Proof. : We need to show that if V/ = 0, then (ziep 1} . . . , z n ep n ) £ oc- 
Since V/ = exactly when X^ILi z i e f3iPi = 0, this immediately follows from 
Lemma ll. II □ 

This Proposition makes contact between the dual toric variety and the 
second homology of the original toric variety. What is more, clearly, the 
functions that appear in the definition of (P)rg(z) in (|4.1j) all come as re- 
strictions of functions from the ambient space gc identified with C n by 
(xi, . . . , x n ) i — > Ya=i x i u! i- Indeed P was a polynomial in n variables, / is 
the restriction of the function 1— X^ILi x i an d the Hessian may be considered 
as the restriction of the function 

/ n \ d 

(4.4) D*(x)=det(j2{h j ,f3 i ){h k ,(3 i )xA 

\i=l / j t k=l 

which is a degree d polynomial on g. 

Now that we may think of 0<b(z) as a finite subset of oc, we would like 
to know something about its geometry. Fix a Z-basis A = (Ai, . . . , A r ) of 
T n , not necessarily a c-positive basis, and recall the notation 

n 

Pj (u) =pf(u)/pj(u) =Y[e ti (u) {a *' X i ) , for j = 1, . . . ,r. 

i=l 

Also, having fixed an appropriate z £ Qc, with ^ for all i, again denote 
by qj the number z A J . As ac is embedded in gc by u i— > (a\(u), . . . , a n (u)), 
the set Ors(z) is contained in t7(2l). Thus our set of critical points of the 
function / on Tct* becomes a finite subset of t/(2l). As such, it is cut out 
from U (21) by some equations. 
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Lemma 4.3. We have 

O m (z) ={ueU(%); Pj (u) = qj ,j = l,...,r}. 

Proof. Considering Proposition 14,21 the statement follows if we show that 
the torus Tct* embedded via Ij4.3|) is cut out from qc by the equations 

n 

IK"' <lr.i 1 - 

i=l 

Thus what we need to show is that if \\% = i x- a " A ^ = 1, for j = 1, . . . ,r, 
then for some h £ t£. we have x% = e 27r v /3 T(^,ft> _ Representing cc, as e 27rv/ ~^ 
and using the fact that A is a basis of r a over Z, we see that Y17=i h ai ^ ^a- 
According to our assumptions, the ctjS generate the lattice T* over Z. Since 
the lis are defined only up to integers, by choosing them appropriately, we 
may assume that Y17=l = 0- Then the basic property of Gale duality, 
Lemma ll.ll completes the proof. □ 

We can summarize our results so far as follows: we have 

P(ai(u), . . .,a n (u)) 



(4.5) (PMz) = £ 



(1 - K{u))D' B (ai{u), a n (u)) ' 



where, as usual, k = Ya=i q *' an< ^ ^ e sum runs over the finite set {u £ 
17(a); Pj (u) = qj ,j = l,...,r}. 

The statement of Theorem l4.1l is thus reduced to showing that the integral 
in (|3. 12f) of a rational differential form, which we denote by A, over the cycle 
Z[c] C U(%V) C ac is equal to the expression in (|4.5|) : a finite sum of the 
values of a rational function over a finite set of common zeros of r other 
rational functions. The first step of the proof, completed in this section, will 
be showing that this finite sum also has a representation as an integral of 
the same form A over a different cycle. The second step, which will take up 
the rest of the paper, will be showing the equivalence of the two cycles. 

First, we compute the coefficients of the polynomial D <s (x) defined in 
(|4~ij) explicitly. 

Lemma 4.4. We have 

(4.6) D <s (x)= vol t (r) 2 n^- 

CT6BInd(Q3) iea 

Proof. Thinking of the vectors 0i , as d-component column vectors written in 
the basis {hk}f = i, we can write the matrix M(x) the determinant of which 
is D^(x) as 



M(x)=J2x i /3 i /3f, 



i=i 
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where f3 T is the transposed matrix: a row vector. Using the fact that each 
of the terms in this sum is a rank-1 matrix, we can expand det(M(x)) as 



SeBIndroS) Visa / 



det(M(x)) 

ad(<B) 

The term of this sum corresponding to the basis a G BInd(Q3), written in 
the basis a itself, is simply a diagonal matrix with entries {x^; i G a} on the 
diagonal. This immediately implies ()4.6|) . □ 

Next we compute the Jacobian matrix of the vector valued function 

(4.7) p=( Pl ,...,p r ):U(%)^C* r . 

Proposition 4.5. Define the rational function D% on jjc as 

D^x) = det(j2 {ai,Xl) ^ i,Xm) \ ■ 

\i=l I l,m=l 

Then we have 

(1) D % ( X )= y, voi ^(^) 2 n^ 

<reBInd(2l) iecr 1 

n 

(2) D*(x)l[x i = D*(x). 

i=i 

(3) — A • • • A — (u) = D a (ai(«), . . . , a n {u)) d^. 
Pi Pr 

Proof. The proof of (1) is exactly the same as that of Lemma 14.41 Then 
(1) and Lemma 14.41 together with Lemma ll.3l imply (2). Finally, (3) is a 
simple calculation: Taking the partial derivative of pi with respect to X m is 
exactly p\ times the corresponding entry of the matrix in the definition of 
D % (x). □ 

Corollary 4.6. The map p : J7(2l) — > C* r is generically nonsingular. 

Indeed, statements (1) and (3) of Proposition 14.51 compute the Jacobian 
of this map explicitly. Since 21 is projective, there is a u G U (21) such that 
OLi{u) > 0, i = 1, ... ,n, and at such u the sum in statement (1) is clearly 
positive. □ 

Now we are ready to present our residue formula for (P)sq(z). For z G 
(C*) n and 5 > let 

Zs{\q) = {u G f/(2t); \pj(u) - qj\ = S, j = 1, . . . ,r} 

oriented by the form darg(pi — q\) A • • • A darg(p r — q r ). 

Proposition 4.7. Lei z G C* r be such that the set Org(z) C f7(2t) is /mite 
and i/ie function (1 — K)Z) 2S (ai, . . . , a n ) does not vanish on it, and let U(z) 
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be a small neighborhood ofO<s(z) in C/(2l). Then for sufficiently small 5 > 0, 
we have 

4.8 P S Z = yr / T- r™ =£— j; r. 

(2^T^/^T) Jz s (\, q )nU(z) (1 - K) Ui=i OH U j= iiPj - Qj) 
Proof. Consider the function 

P(ai, ... ,a n ) 



R 



D^( ai ,...,a n ){l- 
and the differential form 

dpi dp r 
lo = ^— A • • • A — 



Pi - qi p r - q r 

on f/(2l). Because of our assumptions, uj has a simple pole with residue 
equal 1 at each of the points of the finite set Ofg(z), and the function R 
is regular at these points. Our computation of the Jacobian of the map p 
shows that the divisors {u; Pj(u) = qj}, j = 1, . . . , r intersect transversally 
at these points, and thus for small S the set Z$(\, q) consists of tiny tori, one 
for each point of Ots(z) plus, possibly, some additional components which 
we eliminate using the neighborhood U(z) of 0<b(z). 

Then according to the usual integral representation of residues, we have 



P(ai,...,a n ) A r j=i d Pj 



27r v /3 T) r Jz s (x,q)nu(z) (1 - k)D*(oh, ...,a n ) Uj=i(Pj ~ Qj) ' 



Substituting the expressions from (2) and (3) into this formula, we obtain 
(JHEI). □ 

Remark 4.2. 1. Note that, "miraculously", the differential form under the 
integral sign here coincides with that in Proposition 13.41 
2. We will show later that for z in a certain domain, the conditions of the 
Proposition hold, moreover, Zg(\,q) is a genuine cycle, i.e. it is localized in 
a small neighborhood of Osq{z) and has no non-compact components. This 
last statement is equivalent to the properness of the map p defined in (|4.7j> . 
which, as we will see, turns out to be a subtle question. 

5. Tropical calculations 

In this section we only assume that 21 is a projective sequence in T* . Recall 
that for each A G T a we defined a rational function p\(u) = Yl™ =1 ^(u)^'^ 
on oc, which is regular on £7(21); these functions p\ satisfy the relation 

(5-1) p\ 1+x . 2 (u) =p Xl (u)p\ 2 (u). 

Definition 5.1. Let £ G o*. Define the set 

%) = {u G J7(2t); \p x (u)\ = e" <? ' A) for all A G T Q }. 
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Fix a Z-basis (Ai, A2, • • ■ , A r ) of the lattice r o , which is a positively ori- 
ented relative to our chosen orientation of a, and introduce the notation pj 
for p\.. Then it follows from (|5.1|) that the set Z(£) is the subset of £7(21) 
defined by the r analytic equations: 

(5.2) \ Pj (u)\=e-^\j = l,...,r. 

In particular, Z(£) is an r-dimensional analytic subset of £7(21). We can 
orient Z{£) by the form daigpi A • • • A d&rgp r . It is easy to see that this 
orientation does not depend on the chosen positively oriented basis. 

The aim of this section is to prove that under some mild conditions the 
cycle Z(£) is smooth, and compute its homology class in £7(21). 

Recall from ^ that to each flag F in .7X(2l), one can associate a homology 
class h(F) £ H r (U(%l),Z) (Definition 12.1(1 . a sign v(F) given in Definition 
12. \\\ and a sequence of vectors 

«/ = ^{af, i = 1, • • • , n, a* G Fj}, 

given in ((2.5(1 , which one can collect into a sequence of r vectors denoted by 
k f . By convention, we set k f = 0. Then for a flag F G 7 r £(2l), introduce the 
non-acute cone s(F, 21) generated by the non-negative linear combinations 
of the elements {kJ , j = 1, • • • > T — 1} and the line Mk: 

r-l 

s(F,2l) = ^R-°Kj + Rk. 
i=i 

Definition 5.2. Let f G a*. We denote by FC(pL, the set of flags F G 
^"£(21) such that f E s(F,2l). 

Finally, recall from 52 that if £ is sum-regular, then every flag F G 
.77C(21, £) is proper, and thus has v(F) ^ 0. The aim of this section is 
to prove the following theorem. 

Theorem 5.1. Let 21 be a projective sequence and let £ be a r -regular 
element in a* with r sufficiently large. Then the set Z(£) is a smooth 
compact r-dimensional submanifold in £7(21). When oriented by the form 
dargpi Adargp2 A • • • Ad&rgp r , it defines a cycle in £7(21) whose homology 
class [Z(£)] is given by 

[%)]=2>(wn F€?c(&,z). 

The proof of the Theorem will start in M5.2I and will end with Proposi- 
tion 15.151 The compactness is contained in Corollary 15. 8( the smoothness 
in Corollary 15.111 and the computation of the homology class follows from 
Lemma 15.141 and Proposition 15.151 
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5.1. The tropical equations. Our main tool of study of the set Z{^) is 
considering the logarithm of the equations (|5,2[) . which can be written as 

n 

Yl\ ai (u)\^^ = e~^\ j = l,...,r. 
i=i 

This idea is related to tropical geometry |19| I18j . The logarithmic equations 
take the form 

n 

^2log\ai(u)\(ai,\j) = j = l,...,r. 

8=1 

This, in turn, can be written as a single vector equation: 

n 

(5.3) log | ai («) | ai = £. 

i=l 

Define the map L : [/(2t) — > g* by 

n 

L ( u ) = -^2~tog\ati(u)\uj\ 
i=i 

Thus L is a map from a real 2r-dimensional space to an n-dimensional one. 
If u tends to 0, then the point L(u) tends to oo. 

Recall from ^that we denoted by \x the linear map /i : q* — > a*, which 
sends u 1 to Oj. Then we clearly have 

(5.4) | Pi («)| =e -MHu))A j )^ 

and thus n G Z(£) if and only if fj,(L(u)) = Another way to write this is 
that Z(£) = (fioL)- 1 ^). 

Our strategy is to separate the solution of (|5.3|) into two parts, using 
that according to Lemma 15.41 solutions to (|5,3|) arise when the affine linear 
subspace /U -1 (£) C Q* of codimension r intersects the image im(L) of the 
map L. 

Our next move is to give more precise information about the map L and 
its image im(L). Roughly, the idea is as follows. Since 

log \ai(u) + 0:2(11) | ~ max(log |ai(«)|,log |a 2 (w)|) 

if oi\{u) and a.2 (u) have different orders of magnitude, we will be able to 
approximate the map L with a piecewise linear map from the r-dimensional 
space J7(2l) to g* . Thus we will show that under some conditions the image 
im(L) C g* is confined in a small neighborhood of a finite set of affine linear 
subspaces of dimension r which are transversal to /i -1 (£). This will allow 
us to describe the set Z{^) rather precisely. 
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Thus consider the affine subspace \i x (£) C Q*. It consists of the solutions 
(t±, t2, ■ ■ • , t n ) of the equation 

(5.5) Paxt(0:=|^tiOt = e|- 

Often we will speak about the solutions of Part(£) rather than about the 
set / u~ 1 (^). Also, we will identify g* with W 1 whenever convenient, using 
the basis u/. Motivated by Proposition 15.51 below, we will be interested in a 
special type of solutions of Part(£) for which several of the coordinates will 
be set equal. 

Definition 5.3. Let F be a flag in F£(Ql) and B = (B±, B2, . . . , B T ) be a 

sequence of r real numbers. Define the point t(F, B) = Y^l=x ^ 9* by 
the condition t{ = Bj if ai E Fj \ Fj-\. We will say that a solution t E 0* is 
an F -solution of Part(£) (|5.5|l if t is of the form t(F,B) for some sequence 
B of real numbers. 

Thus we see that t(F, B) is a solution of Part(£) if and only if 

J=l 

this can be rewritten as : 

r-l 

(5.6) B r K + Y,( b j ~ B j+ i)nf = e. 

i=i 

Recall that a flag is proper, if the elements kJ are linearly independent. 
The following statement then clearly follows: 

Lemma 5.2. For a proper flag F, there is exactly one solution o/Part(£) 
of the form t(F, B). 

We denote this solution by sol(F, £). 
For any flag F, consider the system 

(5.7) Eq(F) := {t b = t c ; a b , a c E Fj \ Fj-% for some j < r}. 

The solution set G(F) of Eq(F) is a linear subspace of q* of dimension r 
spanned by the vectors 

s F ' j = J^K; i = l,...,n,a i €F j \ F^}, j = l,...,r. 

This subspace is transversal to the subspace ^ -1 (0) of q* if and only F is 
a proper flag. Indeed, the images of the vectors s F ^ under fi are equal to 
k f — so they span a* if and only if the vectors nj do so. Another way 
to state Lemma 15.21 is to say that whenever F is proper, then G(F) D (£) 
is non empty and consists of the single point sol(-F, ^). Also note that if ^ is 
regular with respect to £21 and there is an F-solution of Part(£), then F is 
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necessarily proper. Indeed the equation (|5.6j) implies that £ is in the span 
of the vectors kJ belonging to £21. 

Now we introduce a particular kind of ^-solutions, which arise naturally 
in our study of the set Z{£). 

Definition 5.4. Fix £, let F be a flag in FC(%). We will say that a solution 
t G Q* is a tropical F -solution of Part(£) Q5.5JI if t is of the form t(F,B) for 
some decreasing sequence B = (B\, B2, ■ ■ ■ , B r ) of r real numbers, that is 
with B\> ■ ■ ■ > B r . A solution of the equation Part(£) of the form t(F, B) 
for some flag F and some decreasing sequence B will be called a tropical 
solution of Part(£). Finally, denote by FC(%, f) the set of flags F G TC(&) 
for which Part(£) has a tropical -F-solution. 

The following statement clearly follows from 1)5.6(1 . 

Lemma 5.3. TTie /iag -F belongs to F£($l, £) i/ and on/?/ if £ € s(F,$V). 

From now on, we will always assume that £ is regular with respect to £21. 
In particular, this implies that all flags F G F£(%1, £) are proper. 

5.2. Compactness. Now we are ready to start the Proof of Theorem \5.1l 
We will show that when r is sufficiently large, then the cycle Z{£) is a 
disjoint union of compact smooth components Z F (£) associated to flags F G 
^"£(21, £). The component will lie in an open set U(F, N(t)), where 

N(t) is increasing exponentially with r. The sets U(F, N) were defined 
before Lemma 12.41 The homology class of Z F (£) will be a generator of the 
rth homology of this set. 

The first idea is that if £ is r-regular, then for every u G Z(£), there exists 
a flag F £ .F£(2l, £) such that L(u) is close to the tropical solution sol(F, £). 
In fact, there is a better approximation, as we show below. 

In order to obtain a more precise estimate, we need to modify the system 
Eq(i ? ). As the space Fj/Fj_i is 1-dimensional, for two vectors a.b,a c G 
Fj \Fj_i there exists a unique nonzero rational number mb c such that a& — 
mb c a c G Fj-i. Then let 

(5.8) Eq(F) := {t c - t b = log |m bc |; a b , a c G Fj \ Fj-i for some j < r}. 

The solution set G(F) of Eq(i ? ) in g* is an affine r-dimensional subspace 
parallel to the solution set of Eq(i ? ). To be more specific, we construct 
concrete solutions of Eq(i ? ) as follows. Consider the ordered basis 7^ = 
(7^ , . . . ,7,f) of a* that we introduced earlier. It is such that {7mlm=i ^ s a 
basis of Fj for j = 1, . . . , r. For a b G Fj \Fj—i, define the rational number 
m b such that a b — m b ^/j G Fj—x. Then the point Y17=i ~ \ m i\ cjl belongs 
to Eq(i ? ), and Eq(F) is the affine space parallel to G(F) through this point. 
This implies 

Lemma 5.4. Let F be a proper flag. Then the solution spaces of the systems 
of linear equations Part(£) and Eq(F), /i~ 1 (£) and G(F) respectively, are 
transversal and of complementary dimensions. 
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It follows from this lemma that there is a unique common solution of 
these equations; we denote this solution by sol(£, F). 

The following is a key technical statement of this paper, which justifies 
the validity of our tropical approximation. 

Given a vector t = (t\, . . . , t n ) G 0*, let \\t\\ = max" =1 be the maximum 
norm of t. 

Proposition 5.5. There exist positive constants To, cq andc\, which depend 
on 21 only, such that if r > tq and £ is r-regular, then for every u G Z{£) 
there exists a flag F G J-£(%1,£,) such that 

||L(«)-sol(F,0H <coe- clT . 

We start the proof with two Lemmas. 

Lemma 5.6. Let 7 = (71, . . . , j r ) be an ordered basis of a real vector space 
V* of dimension r. Let u G Vc be such that Jj(u) 7^ for j = 1, . . . ,r, 
and set Bj = — log \jj (u)\ . There are positive constants Ao, Co such that if 
A > Ao and Bj — Bj + \ > A for j = 1, . . . , 1 — 1, then the following holds: let 
1 < a < r and a = mi 71 + • • • + m a ^ a £ V* a vector with m a 7^ 0. Then 
a{u) 7^ ; and furthermore, 

(5.9) |log|a(tt)/m a | -log|7 («)|| < c e~ x . 

The constants Ao,co depend only on the data (7,0) and not of the element 
u satisfying the hypothesis of the Lemma. 

Remark 5.1. Consider A a positive constant. Introduce the set 

U[X] = {ueV c ; I log | 7 »| - log \-y k (u)\\ > A, for all j ^ k}. 

The lemma above implies that, provided A is sufficiently large, the dis- 
tance between log \a(u)\ and the finite set {log \^/j(u)\,j = 1, . . . , r} remains 
bounded as u varies in the open set U[X\. 

Proof of Lemma WM For u G Vc, with 7 a (ii) / Owe can write 

/ a-l / s\ 

m k 7fc(u) \ 



a(u) = m a j a (u) 1 + 



7a W 



This gives 



a(u) \ _ ^4 m k y k {u) 



Now assume Bj — Bj+i > A for j = 1, 2, . . . , r — 1. Then for k < a, we 
have h k (u)/j a (u)\ = e'^ Bk ~ BaS > < e~ x . 

Define 5 = Y%=1 \ m k/m a \- We obtain | J2t=i m k7k(u)/m a ~f a (u)\ < 5e~ x 
and thus 



1 - 5e~ x < 



a(u) 



< 1 + be~ 
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Let Ao be such that 5e~ x ° < |, and assume that A > Ao- Then a[u) 7^ 0, 
and taking logarithms and using the inequalities log(l+x) < x, log(l — x) > 
—2x for < x < ^, we obtain 

-25e- x < log \a(u)/m a \ - log | 7a (u)| < 5er x . 
Thus the estimate of the lemma holds with cq = 25, Ao = log(25). □ 
For a £ a* and a basis p C £21 of a* , we can write 

-yep 

Introduce the constant 

M(2l) = max{|n^(aj)|; i = 1, . . . ,n, p basis of a*, p C ESI, 7 G p}. 

Lemma 5.7. Let £ G 0* be a t -regular vector and t — (^15 ^2? • • • ; ^n) ^ 
solution of Part(£). Then there exists an r-element subset a C {1, . . . , re}, 
such that 

\U - tj\ > Cit for i,j G a, i± j, where c l = - — — . 

nM (21) 

Proof. Let <7 C {1,2,... ,n} be a maximal subset satisfying the condition 
\U — tj\ > c\T for all i,j G a, i 7^ j. We will arrive at a contradiction, 
assuming that the cardinality of a is strictly less than r. For every k ^ <r, 
there exists a(A;) G u such that \tk — t a (fc)l < c i r - We can write 



£ = ^ + tkOLk = ^ + ~~ + *a(k) a * 

iec fc^o- igcr fc^cr 

= X] ^2 t i\ a i + ^2 a k\ +^2(tk -t a (k))a k . 
i£cr k£o,a(k)=i \ k£a,a(k)=i J k^a 

Consider the set p CT = {cti + Sfc^o- a(fc)=i * e °/- This set is a subset 
of £21, and it spans a vector space of dimension strictly less than r. By 
passing to a subset if necessary, we can assume that the set p a C £21 is 
linearly independent. Let p C £21 be a basis of a* containing p CT . For an 
element 7 G p \ p a we can write the 7-coordinate of £ as 

u 7(0 = ~ *a(fe)) n 7(«fc)- 

Each number |u^(afc)| is less or equal than M(2l), and there are at most n 
terms of this kind. Thus 1^(^)1 < r. But this contradicts the r-regularity 
of£. □ 

Proof of Proposition YK~h\ Fix a r-regular vector £ G 0*, and let u G Z(£). 
The vector satisfies Part(£), and we can apply Lemma 15.71 denote the 
index subset guaranteed by the lemma by a(u). 
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Let (Bi(u), . . . , B r (u)) be the set of numbers {tf, i G cr(u)} arranged in 
decreasing order, and if Bj(u) = U, then we will write jj for «j. Then we 
have 

(5.10) \lj(u)\ = e~ B *M with Bj(u) - B j+1 (u) > c x t. 

Next assuming that r is sufficiently large, we need to show that the vectors 
{iji j = 1) • • • r } are linearly independent. We may use Lemma 15.61 Indeed, 
assume that there is a linear relation between these vectors. Let jj and jk be 
the two vectors with the largest indices that have non- vanishing coefficients 
in this relation. Then according to (|5.9|) . we would have \Bj(u) — Bk(u)\ < m 
for some constant m that only depends on 21. This clearly cannot happen if 
r is sufficiently large. 

Next, denote by F(u) the flag in .F£(2l) given by the sequences of sub- 
spaces Fj = Ylk=i C7fc, j = 1, • • • ,r. Now we estimate \\L(u) — sol(F(u),^)\\. 
According to Lemma l5.H| for 014 G Fj \Fj—\ we have 

(5.11) |log|«i(u)| -log|7j(n)| -log|mi|| < c 2 e~ cir , 

where rrii is a constant such that en, — m,7j G i^— 1, and ci,C2 are positive 
constants depending on 21 only. 

Note that this equation implies that F is in ^"£(21,^), provided r is suf- 
ficiently large. Indeed, the equation fj,(L(u)) = £ implies that 

C- ^-log|7r(«)|K + J3(Iog|7 i+ i(u)| - log |7i(«)|)«f j 

is uniformly bounded. This implies that for r large the vectors kJ have to be 
linearly independent, as otherwise £ would not be r-regular. So F is a proper 
flag; furthermore, for j = 1, r — 1, the number log 1 7^+1 (u)| —log |7j("u)| = 
Bj(u) — Bj + \{u) is positive, bounded below by a quantity that increases 
linearly with r. Thus £ is in the cone s(F, 21) and F G JF£(2l, £)• 

Let us look more closely at the equation (|5.11jl . The point t = 
with coordinate U = — (log|mj| + log |7j(«)|) belongs to the affine space 
Eq(-F) defined in (|5,8|) . The point L(u) belongs to a translate G U (F) of the 
linear subspace G(F) C 5*, the solution set of Eq(F). Thus this translate is 
at distance constant times e~ ClT from the solution set G(F) of Eq(i ? ). Since 
L(u) also satisfies Part(£), using Lemma l5.41 we see that L(u), which is the 
intersection point of G U (F) and the solution set of Part(£), is not further 
from so^i 7 , £) than a constant times e~ ClT . □ 

Using Proposition 15.51 and its proof we can describe the structure of Z(£) 
as follows. 

Recall the definition and properties of the open sets U(F,N), and the 
constant A^o given in Lemma 12.41 Introduce the sets 

z F (0 = z(0nu(F,N). 
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Corollary 5.8. Let N > Nq. Then there is a positive tq such that if £ is 
T-regular, with r > tq, then Z(£) is the disjoint union of the compact sets 
Z F (0 = Z(0 n U(F,N) for F G ^£(21,0- 

Note that in (|5.1U|) and ()5.11f) . at the cost of changing the constants c\ 
and C2 we could replace the basis vectors jj from 21 by the basis *y F we 
chose for the flag F = F(u) G .F£(2l, £). Then these equations, and the 
observation that the map L : £/(2l) — * 9* is proper imply the statement. □ 

5.3. Smoothness. Next we turn to proving the smoothness of Z F (£). Fix 
a Z-basis A = (Ai, A2, . . . , A r ) of r a , and consider the map p : £7(21) — > C*' r 
given by 

p(u) = ( Pl ( u ),p 2 {u), . . . ,p r (u)), 

where, as usual, pj stands for p\.. 

As Z(£) is the inverse image of a smooth torus under that map p, to prove 
that it is smooth, it is sufficient to show that the Jacobian matrix of the map 
p : £7(21) — > C* r is non-degenerate for u G U(F,N). According to Lemma 
14.51 (1) and (3), this reduces to the computation of 

(5.12) D*{u)= £ vol a ,( 7 CT ) 2 II^y 

Recall that in SJ21 we associated to each flag F G ,F£(2l) a sequence of 
vectors (k f , ... ,k f ), and we fixed a basis 7^ satisfying 

afyf A dr/2 A • • • A d>y F = d/if ■ 
We consider the j F s as coordinates on ac and to simplify our notation, we 
use Uj = j F (u) for it G ac and j = 1, . . . , r. 

Proposition 5.9. Let d{F) be the integer such that k f A ■ ■ ■ A k f _i A k = 
d(F) (f/ip. Then for N sufficiently large, we have 



3=1 



const (21) 
- N 



for any u G U(F,N). 



Remark 5.2. Here and below we use the same notation const (21) for several 
constants which depend only on 21. 

Proof. Define BInd(2t, F) to be the set of those a G BInd(2l) for which 
{ai, i G o"} n Fj has j elements. Then the sum formula for D<&(u) is divided 
into two parts D^{u) = D^{u) + R^(u), a dominant and a remainder term, 
where 

D F ( U ) - V 

<xeBInd(2l,F) HiEff^W 

and 
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Ri(u) = 



a G BInd(2l) \BInd(2l,F). 



Assuming u G U(F,N), we have the following basic estimates. For «j G 
Fj \ Fj-\, we have 



(5.13) 
where a. 



Oii{u) 



mi 



U ; 



< 



const (21) 



N 



maf G F. 



j'-i- 



This immediately leads to the estimate 
const (21) 



n 



< 



N 



Now we estimate D^(u). First, two simple linear algebraic equalities: 

Lemma 5.10. (1) H i&a mi = vol2i(7 CT ) , 
(2) £ CTGB m W vol„*(7 CT ) = 4n 

Proof. The first equality follows from the fact that the matrix of basis-change 
from {aj; i G a} to the basis 7 F is triangular, with the constants rrii in the 
diagonal. The second one can be seen by expanding the sums 

«J = ^{ai| on e Fj, i = l,...,n} 

in the exterior product K,f A — A • The non- vanishing terms will exactly 
correspond to the sum on the left hand side of (2). □ 

Now we can finish the proof of Proposition 15.91 The sum defining D^(u) 
is indexed by the elements a G BInd(2l, F). The term corresponding to a 
multiplied by IIj=i u j ma y be estimated as follows. Using (|5,13f) and the 
first equality in Lemma 15.101 we have 



3=1 



i 



i 



ai(u) vol .(7' T ) 



< 



const (21) 
N ' 



Summing this inequality over a G BInd(2l, F) and simplifying the fraction 
in each term, we obtain that 



Di{u 



j=l creBInd(21,F) 



< 



const (21) 
N ' 



Then applying the second equality of Lemma 15.101 completes the proof. □ 

As we observed earlier, (|5.12j) is up to a nonzero multiple the Jacobian of 
the map p. Then Corollary 15.81 together with Proposition 15.91 implies 

Corollary 5.11. For sufficiently large r and N the compact sets Z F (£) = 
Z(£) n U(F,N), F G F£(%£), are smooth manifolds. 
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5.4. The homology class. Now we turn to the computation of the homol- 
ogy class of the manifolds Z F (£). Introduce the torus 

C(0 = {(yi,y 2 , ■ ■ ■ , y r ); \v 3 \ = e~^>} c C* r . 

If we orient C(£) by the differential form d&rgyi A • • • A davgy r , then its 
fundamental class is a generator of H r (C* r , Z) over Z. Clearly, our set Z{^) 
is the inverse image of C(£) by the map p = (pi,P2, ■ ■ ■ ,Pr)' 

%) = {u G C/(2l); \ Pl (u)\ = e~^\. . . , \p r (u)\ = e -«.<M}. 

We can summarize what we have shown so far as follows. Let r be suffi- 
ciently large, positive and let N = c\e C2T . Then according to Corollary 15.81 
for a r-regular vector £ the set Z(£) breaks up into finitely many compact 
components Z F (t;) = Z{£) n U(F,N), as F varies in ,F£(2l, £). Since £ is 
r-regular, we have d(F) ^ for every flag in the family .F£(2l, £). Thus, 
according to 15.91 the differential of the map p does not vanish on U(F,N) 
and thus Z F (£) is a smooth compact submanifold of J7 (i 7 , iV) , 

What remains to prove Theorem 15.11 is that the homology class of the 
oriented smooth manifold Z F (^) in H r ((U(F, N),Z) is equal to v{F)h{F), 
where h(F) is the fundamental class of the torus Tp(e) defined in Q2.4|) . We 
will achieve this using a deformation argument. 

Recall that we have fixed an F-basis (7^, j F , . . . , 7^) of a*. Then for 
a-i G Fj \ Fj-i, i = 1, . . . , n, we can write 

j'-i 

(5.14) a; = mi^ F _ k , with m ; := m i)0 / 0. 

fc=o 

Now we define a deformation 2lf of our sequence 21 as follows: 

j'-i 

of (s, u) = } j s k m i)k u j _ k if aj G Fj \ F^i, 

fc=0 

where we again used the simplified notation Uj = r y F . 

In particular, we have af (1, •) = a\ and af (0, •) = m^f . Using the esti- 
mate of Lemma 15. HI we see that af (s, •) does not vanish on U(F, N) for any 
s G [0, 1] provided TV" > iVo- This means that we obtain a deformation of the 
map p = (pi, . . . ,p r ) as well. Define p F (s,u) = Y!i=i a f (s, u)^ Qi ' A ^. Con- 
sider the map p F : [0, l]xU(F,N) -> C* r , p F (s,u) = (pf (s,u), . . . ,pf (s,u)), 
and let Z F (£) = p F (s, ■) be the induced deformation of our cycle 

%)• 

Similarly, we can define the map 

n 

L F : [0,1] x U(F,N) -a*, L F («) = - £ log \af (s, u)\ uA 

i=l 

Again, we have Zf (£) = (/i o Lf )-!(£). 
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Then a direct computation yields the following equalities: 
Lemma 5.12. For j = 1, . . . , r, we have pf(l, u) = Pj(u) and 



3 

n r 



i=l 1=1 

Ft 



#(o,«)=n m * n 

i=l 

Similarly, we have L F (u) = L{u) and 



3=1 oneFjXFj-! 



Next, we compute the cycles Z F (£). 
Lemma 5.13. For a certain sequence of real numbers e, we have 
(5.15) Z F (0=T F (e)cU(F,N), 
where 

and the torus Tp(e) was defined in ([2.4)1 . In addition, the orientation of 
the torus Z F {^), induced by the form d&rgpf (0, •) A • • • A dargp^(0, •), iui// 
coincide with the orientation ofTp(e), induced by the form d&rg'jf A • • • A 
d&rg"/ F exactly when v{F) = 1. 

Proof. The fact that (£) is a torus immediately follows from the fact that 
each pf(0, •) is a monomial in the linear forms "yj , j = 1, . . . , r. In fact, it 
is not hard to compute the sequence e = (ex, ... , e r ): if aj G i*) \ Fj-i, then 
ej = e~ ( t i~ ] °s\ m i\^ where t, is the ith component of sol(-F, £). 
To compare the orientations, observe that 

d&rgp F 

p = (ki - «|_i,Aj), j = l,...,r. 

a arg 7^ 

This shows that the two orientations coincide exactly if the basis k f is 
oriented the same way as the basis ~/ F . By definition this happens exactly 
when v(F) = 1. □ 

Thus we obtained a deformation of the cycle Z F (£) to a cycle which mani- 
festly represents the homology class v{F)h{F) G H r (U(%l), Z). To complete 
the proof of Theorem 15.11 it remains to show that the homology class of 
the cycles does not change in this family. This is fairly standard. The 
background for this material is [3]. 

If one has a proper smooth map between smooth manifolds ir : U — > V 
with dimt/ — dimT^ = k, then there is a natural grade-preserving pull-back 
map 

tt* : H' comp (V,Z) H' omp (U,Z) 
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on compactly supported cohomology. Via Poincare duality this induces a 
natural map 

7T* :H.(V,Z) —>H. +k (U,Z). 

on the homology groups. This has the property that when a compact sub- 
manifold S C V consists of regular values, then ir* applied to the fundamen- 
tal class of S is exactly the fundamental class of the manifold tt~ 1 (S). 

These maps are homotopy invariant in the sense that if now tt is a proper 
map from [0, 1] x U to V, then the maps 7r*(0, •) and vr*(l, •) are equal on 
the homology groups. 

Our map p : ?7(2l) — ► C* r , and the closely related map \io~L : J7(2l) — ► a*, 
however, are not proper! Thus we need a slight generalization of the pull- 
back maps. Since a map is proper if the inverse image of compact sets is 
compact, we could say that the map it is proper to V , for some open subset 
V C V, if the tt~ 1 (K) is compact for any compact K C V . 

Lemma 5.14. Let N > Nq. Then for sufficiently large r, the map fio L is 

proper to the set of r -regular elements of a* . Moreover, this map remains 
proper, when restricted to the set U(F,N), for any F £ 

The Lemma follows from Proposition 15.51 and Corollary 15.81 
Now we can reformulate in these homological terms what we are com- 
puting. Consider the connected component of the set of r-regular elements 
containing £. Then we are trying to show that the pull-back (/i o L)*rj^ 
of the generator of the zeroth homology of this component is equal to 
Y?,Fer£(iil,g) v(F)h(F). According to Corollary 15.81 to prove this, it is suf- 
ficient to show that the pull-back of r]^ under the map pL restricted to 
U(F,N) is v{F)h{F). According to Lemma 15.131 the map 

/ioL F (0,-) : U(F,N) -» a* 

has this property, and we need to show the same for the map 

HoL F (l,-) : U(F, N) -> a*. 

Now this discussion explains that our deformation argument is justified 
as long as we have the following. 

Proposition 5.15. Let N > A^o, and £ £ a* be a r-regular vector for r 
sufficiently large. Then the restricted map \i o L F : [0, 1] x U (F, N) — * a* is 
proper to the set of r-regular elements. 

This statement is proved exactly the same way as we proved CoroHarv l5.8[ 
the analogous statement for the map fioL. It is easy to see that the relevant 
constants are exactly the ones appearing in the expressions of af (s, •) via 
the basis ~f F in (|5.14jl . These constants are clearly uniformly bounded as 
s varies in [0, 1]. This completes the proof of the proposition and that of 
Theorem 15 .11 as well. □ 
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6. The proof of the main results 

6.1. The construction of the cycle for the JK-residue. We start with 
an important observation. 

Proposition 6.1. Let 21 be a projective sequence, and let c be a chamber 
with k G c. If £ G c be regular with respect to £21, then all flags in ,FjC(21, £) 
are in fact in J r £ + (2l, £). 

Proof. Let F G .F£(2l, £). Equation Part(£) given in 1)5. 6 jl reads as 

r- 1 

(6.1) £ - £U = Y^ B i ~ B J+^ K f- 

3=1 

The vector ^^=i(-^i — ^j+l) K f 1S a positive linear combination of those 
elements of 21 which lie in the subspace -F r -i- Thus the right hand side of 
16. II belongs to the closed set Cone(2l) s i ng . The vector £ is in c, and k is in c, 
thus the ray £ + does not touch Cone(2l) s j ra5 . Therefore we must have 
B r > 0. □ 

Now we can formulate one of the central results of this paper: an explicit 
construction of a real algebraic cycle which represents the JK-residue. 

Theorem 6.2. Let 21 be a projective sequence and c C a* be a chamber 
such that k £ t, and fix an arbitrarily small neighborhood Uq of the origin 
in ac- If t is sufficiently large, then for any r -regular £ G c ; the set Z{^) is 
a smooth compact cycle in Uq n J7(2t) whose homology class equals the class 
h(c) G H r (U($l), Z) of the leffrey-Kirwan residue. 

Proof. Indeed, we computed the homology class of Z{£) in Theorem 15.11 
and Theorem 12.61 combined with Proposition 16.11 implies that this class is 
exactly the homology class realizing the Jeffrey-Kirwan residue. 

To prove the other statement of the Theorem, let £ be a r-regular vector. 
Then following the argument in the proof of Proposition ^. 1\ we see that we 
must have B r > r in (|6.1|) . If u is in Z(£), then it follows that L(u) is close to 
the point so\{F, £). This means that if ca G Fj \ Fj—i, then | log |ai(u)| — Bj\ 
is less than a constant depending on 21 only. As Bj > B r > r, this means 
that we have 

| oii (zt) | < const (21) e~ T , for i = 1, . . . , n. 
This inequality implies the second statement of the Theorem. □ 

Remark 6.1. Formally, this construction only gives a representative of h{t) 
in the case k£c. Note, however, that for any chamber c of 21, there exists a 
sequence 21' consisting of repetitions of the elements of 21, such that k' G c, 
where k' is the sum of the elements of 21'. Applying the Theorem to 21' will 
produce a representative for h(c). 
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6.2. The proof of the conjecture. Now we are ready to complete the 
proof of Theorem l4.ll We recall our setup and introduce some new notation. 
We have a projective, spanning sequence 21 and a chamber c containing 
k = Ya=i a i m ^ S c l° sure - We also picked a c-positive basis A. For z £ C* n , 
we denote z Aj by qj, and introduce the vector q = (qx, . . . q r ) E C* r . For two 

vectors £i,£ 2 € a*, write & < £ 2 if Aj) < (6, A j> for = 1, . . . , r. 

Fix a small vector i) £ a* with the property that (r],Xj) > for j = 

A 

1, . . . , r, i.e. < r\. Now we pick £ E a* such that every vector £ satisfying 

£ — 77 < £ < £ is r-regular with r sufficiently large. "Sufficiently large" here 
means large enough to satisfy the conditions of the statements we use in the 
course of the proof. 

For any subset of S C {1, . . . ,r}, define the torus 



T s (£,r l ) = {qeC* r ; \ Qj \ 



exp(-(£,A j )) if j S, 
exp(-(£-77,Aj)) tfjeS 



with its standard orientation, let Z$(£, rj) = p 1 Ts(S,, rj) be the inverse image 
of this cycle under the map p (see (|4.7|l ). and introduce the ring- like domain 

R(£, = C* r ; (£ - 77, Xj) < - log \qj\ < (£, Xj), j = 1, . . . , r}, 

on whose edges this tori are located. Also, denote the associated domain in 
z-space by W(£, 77): 

(6.2) W{£, rj) = {z E C*"; £ - 7? < y, o L(*) < £}. 

Thus W(£, rj) is the pull-back of the domain i?(£, 77) under the mapping 
which associates q £ C* r to z £ C* n . 

We will omit (£, 77) from the notation is this does not cause confusion. For 
example we will use Z$ instead of Zs(£,r]). 

Let the open set Uq in Theorem 16. 21 be the set {u £ oc; \k(u)\ < 1}, and 
assume that t is large enough to satisfy the conditions of Theorem 16 . 21 with 
this choice of Uq. Now let 

U(X,q) = {u£ a c ; pt(it) ^ qjPj(u)} C a c , 

and recall our meromorphic r-form 

. P(ai, . . . ,a n ) dfj$ 

(! - ") nr=i a i n^ii 1 - h/pj) 

on oc, which is regular on Uq n U (21) n U (A, q), and depends on z. 

Now our final argument may be broken up into the following 4 statements. 

Proposition 6.3. Let z £ W(£, 77) and assume that r is sufficiently large. 
Then 

(1) f Z0 A = (P) %c (z) 

(2) J Zs A = 7/^/0. 



10 



ANDRAS SZENES AND MICHELE VERGNE 



(3) The cycle 1)' S '"^5'> where \S\ denotes the number of elements 

of S, is homologous in Uo H U(%i) n U (A, q) to the cycle 

Zs(q) =p~ 1 {y = (m, ■ ■ ■ ,yr); \yj - qj\ = 6, j = l, ... ,r}, 

oriented by the form darg(yi — q{) A • • • A darg(y r — q r ). 
^ Iz s{q) A = <*)*(*)• 

Proof. We chose r large enough in order to be able to apply Theorem 16.21 
to each of the cycles Z$, S C {1, . . . , n}. Thus we know that the homology 
class of Zs in J7(2l) is h(c) and that Z$ C Uo for every S C {1, . . . , n}. 
The inequalities Q6.2|) defining W(£,rj) imply that for u € Z$ we have |qj| < 
for jf = 1, . . . , r, and thus we can apply Proposition 13.41 This proves 
the first statement of the Proposition. 

For m = 1, . . . , r, denote by Z m the cycle Z|i,... jm }. Since we can permute 
the elements of the basis A, it is sufficient to prove Statement (2) for these 
cycles. Now reversing the logic of the proof of Proposition 13. 4[ we can 
expand the differential form A, taking into account that for u G Z m and 
z G W(t;,r]) we have < \qj\ for j = l,...,m, and > \qj\ for 

j = m + 1, . . . , r. We obtain the convergent expansion 

(~l) m \- /" frPj +1 I r i P(ai,...,a n ) 

(2n^iy ^ L y q ^ ^ P y a - *) nr=i ^ ' 

where the sum runs over lj G Z- , j = 1, . . . , r. 

Since Z m represents the JK-residue, the terms of this series are again of the 
form (P)a,21,c with A = Y^j=i h^ji where now lj < for j = 1, . . . , m, and 
lj > for j = m + 1, . . . , r. Such an expression vanishes, however, according 
to Proposition 13.11 This completes the proof of the 2nd statement. 

Clearly, (3) will follow from a similar statement formulated for the cycles 

^2 (-l)^T s is homologous to {y G C* r ; \y 4 - qj\ = 5,j = 1, . . . ,r} 

Sc{l,...,n} 

in the open set {y G C* r ; yj ^ qj for j = 1, . . . r}. This may be proved by 
the standard inclusion-exclusion argument and is left to the reader. 

Finally, note that the cycle Z$(q) coincides with the cycle Zs(X,q) in- 
troduced before Proposition 14.71 Then the 4th statement will follow from 
Proposition l4.7l as soon as we check the technical conditions that we assumed 
there. We have done all the groundwork for this; we just need to collect the 
necessary information here. 

First, note that in Corollary 15.81 we show that 0<%(z) C U(F,N) for 
some F G in Proposition 14.51 we compute the Jacobian of the map 

p, and in Proposition 15.91 we show that this Jacobian does not vanish on 
0<b(z). Thus we can conclude that the set 0<q(z) = p _1 {q) is finite. As 
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D (a\(u), . . . , a r (u)) coincides with this Jacobian up to a nonzero multiple, 
we see that it will not vanish on 0<s(z). 

Next, it follows from Lemma |5,151 the map p is proper to the domain 
R(^,rj), and this eliminates the need for intersecting with the small neigh- 
borhood U(z) of 0<b(z). Finally, note that we already assumed that k(u) ^ 1 
for any u such that p(u) £ rj), thus 1 — k will not vanish on 0<g(z). □ 

Proposition 16.31 proves the equality (P)^ c (z) = (P)<q(z) for all z £ 
W(£,rj), starting from the localized sum definition ()4.1j) of If we 

use the fact that this localized sum is a toric residue, and thus it is a ratio- 
nal function of z, then we can conclude that the two sides of (J4.2() coincide 
whenever the series in the left hand side converges. In view of of Lemma 
13.31 this implies the full statement of Theorem 14. II 
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